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Learning Objectives

¢ Understand how to build models for insurance premiums, including:

- alinear model without any penalty,
- alinear model with a Lasso penalty, and
- a generalized linear model with a log link function.
¢ Compare these models using various evaluation techniques, including AIC, BIC, validation sets, cross-
validation, and bootstrap methods.

Introduction: Health Insurance Premium Modelling

Assume you are a junior data analyst in a consulting company. One day, your supervisor sends you a dataset
of premiums collected from a health insurance company. This dataset contains important information about
policyholders, such as age, sex, and body mass index (BMI). Your task is to understand how the company
determines premiums based on policyholders’ characteristics.

Tasks for this Lab

¢ Use the code below to build:

- alinear model without any penalty,
- alinear model with a Lasso penalty, and
- a generalized linear model with a log link function.

¢ Compare the three models using:

— AIC and BIC,

— the validation set approach,
— cross-validation, and

- bootstrap methods.

* Based on the results, determine which model performs best.



Model Details

Linear Model
E(y;) = x; B )

where y; is the premium for the i-th observation, x; is the vector of explanatory variables, and S is the corre-
sponding coefficient vector.

A limitation of the linear model is that the predicted premiums may take negative values, which is not
appropriate in this context.

Linear Model with Lasso Penalty

To control model complexity, we can add a Lasso penalty to the linear model in Equation 1. The Lasso estimator
is defined as
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where A > 0 is a tuning parameter that controls the strength of the penalty.

Generalized Linear Model with Log Link Function

Another approach is to use a generalized linear model (GLM) with a log link function. In this case,

E(y;) = exp(x] B) 3)

This ensures that the predicted premiums are always positive.

Model Assessment Methods

AIC

The Akaike Information Criterion (AIC) is a model selection method based on in-sample fit, which aims to
estimate how well a model is expected to predict future observations. The idea of AIC is to penalise the
likelihood if additional variables without strong predictive ability are included. A model with a smaller AIC
value is generally preferred.

AIC = —2log(L) + 2k (4)

where L is the likelihood of the model and k is the number of estimated parameters.

The AIC applies a relatively mild penalty for model complexity. As a result, it may favour more complex models
that achieve better in-sample fit. Compared with BIC (see Equation 5), AIC typically selects more complex
models.



BIC

The Bayesian Information Criterion (BIC) is another model selection criterion that measures the trade-off
between model fit and model complexity. A lower BIC value is generally preferred.

BIC = —2log(L) +log(N) k (5)
where L is the likelihood of the model, N is the number of observations, and k is the number of estimated
parameters.

Compared to AIC, the BIC imposes a stronger penalty on model complexity. As a result, it tends to favour
simpler models. Both AIC and BIC are widely used to assess how well a model fits the data while accounting for
model complexity. In practice, they are often used together to compare competing models.

AIC and BIC are not directly available from the glmnet package. However, they can be approximated using
Equation 4 and Equation 5.

To implement these formulas in R, we often assume that the residual errors are normally distributed. Under this
assumption, AIC and BIC can be written as:

AIC = Nlog(6?) + 2k (6)

BIC = Nlog(6?) + log(N) k )

where 62 is the estimated variance of the residual errors.

For more details, see the following resources:

¢ Proof: Zhou (2017)

¢ Reference: Oleszak (2019)

Validation Set Approach

We aim to estimate the test error associated with a statistical learning method. To do this, the dataset is randomly
split into two parts: a training set and a validation (or testing/hold-out) set. The model is fitted using the
training set only, and its performance is evaluated on the unseen validation set.

The validation set approach can be summarised as follows:
¢ Fit the model on the training set.
* Use the fitted model to predict the responses for the observations in the validation set.
¢ Evaluate the prediction error on the validation set, typically using the mean squared error (MSE) for a

quantitative response. The MSE is defined as:

1& .
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where y; denotes the observed value and fj; denotes the predicted value for observation i in the validation set.

However, the validation set approach can have high variability. The estimated error may depend heavily on
how the data are split into training and validation sets. In addition, only a subset of the data is used for model
fitting, which may reduce the stability of the fitted model.

In this tutorial, we randomly split the data into 70% for training and 30% for validation.


https://rstudio-pubs-static.s3.amazonaws.com/324771_0bd880964f064c53a70e757d5ef39669.html
https://www.datacamp.com/tutorial/tutorial-ridge-lasso-elastic-net

Cross-validation (CV) Approach

Cross-validation (CV) is used to estimate the test error associated with a statistical learning method and to
evaluate its performance. The steps can be summarised as follows:

¢ The dataset is randomly divided into k groups (or folds) of approximately equal size.
* For each fold, the model is trained on the remaining k — 1 folds and evaluated on the held-out fold.
® The mean squared error (MSE) is computed on the validation fold using Equation 8.

* This procedure is repeated k times, with each fold used once as the validation set. This results in k
estimates of the test error: MSE{, MSE,, . .., MSE,.

¢ The k-fold cross-validation estimate is obtained by averaging these values:

k
CVy = % ) MSE; )
i=1

An advantage of this method is that it is less sensitive to how the data are split. Each observation is used once
for validation and k — 1 times for training.

In general, as k increases, the bias of the estimate decreases, but the variance increases.
A disadvantage is that the model must be refitted k times, which increases computational cost.

A related approach is repeated random splitting (also known as repeated validation set approach), where the
data are randomly split into training and validation sets multiple times. This allows flexibility in choosing the
size of the validation set and the number of repetitions.

Bootstrap Approach

The bootstrap approach provides another way to estimate the test error of a statistical learning method.

The idea is to repeatedly sample (with replacement) from the original dataset to create multiple bootstrap
samples. For each bootstrap sample, the model is fitted, and its performance is evaluated on observations that
are not included in that sample (known as out-of-bag observations).

For each observation, we only use predictions from bootstrap samples that do not contain that observation. The
leave-one-out bootstrap estimate of the prediction error is given by:
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where C~ is the set of bootstrap samples that do not contain observation i, and |C ™| is the number of such
samples.

In summary, models are fitted on bootstrap samples (training sets) and evaluated on the corresponding out-of-
bag observations (test sets), as illustrated in Figure 1.



Figure 1: Bootstrap Sampling

Bootstrap 1 |X8|X6|X2|X9|X5|X9|X1|X4|Xs|xz|

Out-of-bag samples

Bootstrap 2 |x1o|x1 |X3|X5|X1 |x.,|x4|x2|x1 |xs|

Bootstrap 3 |Xs|X5|X4|X1|X2|X4|X2|xs|X9|Xz|
: Training Sets I

Emperical Study

We first load the data and build three models: a linear model, a Lasso model, and a generalized linear model
with a log link.

# Load required packages
library(dplyr)

library(glmnet) # Lasso regression
library(Metrics) # RMSE

# Load the data
Data <- read.csv("insurance.csv'")

# Split data into predictors (X) and response (y)
Data_X <- Datal, -7]
Data_Y <- Datal, 7]

# Create model matrix for glmnet
X_matrix <- model.matrix(~ ., Data_X) #This step converts categorical variables into dummy variables for
Y_matrix <- as.matrix(Data_Y)

# Linear model
model_linear <- lm(charges ~ ., data = Data)

# Lasso model

set.seed(2023)

CV_lasso <- cv.glmnet(
X_matrix, Y_matrix,

family = "gaussian",
alpha = 1,
nfolds = 10

model_lasso <- glmnet(



X_matrix, Y_matrix,
lambda = CV_lasso$lambda.min,
alpha = 1

)

# Generalized linear model with log link
model_loglinear <- glm(

charges = ., data = Data,
family = gaussian(link = "log")
)
AIC and BIC

We can directly use the AIC() and BIC() functions to compute these criteria for the linear model and the
generalized linear model.

However, for the Lasso model fitted using glmnet, these quantities are not directly available, so we compute
them manually.

In this dataset, the generalized linear model has the lowest AIC and BIC values, and is therefore preferred
according to these criteria.

# Number of observations
n <- nrow(Data)

# Linear model
AIC(model_linear)

[1] 27115.51

BIC(model_linear)

[1] 27167.5

# Lasso model (manual calculation)
y_hat_lasso <- predict(model_lasso, newx = X_matrix)

AIC_lasso <- n * log(mean((Data_Y - y_hat_lasso) 2)) +
n +n * log(2 * pi) +
2 * (model_lasso$df + 1)

BIC_lasso <- n * log(mean((Data_Y - y_hat_lasso) 2)) +
n + n * log(2 * pi)
log(n) * (model_lasso$df + 1)

AIC_lasso

[1] 27111.59

BIC_lasso

[1] 27147.98

# Generalized linear model
AIC(model_loglinear)



[1] 26929.37

BIC(model_loglinear)

[1] 26981.36

* Note that the Lasso model requires manual computation of AIC and BIC, and the number of parameters
is approximated using the number of non-zero coefficients.

Validation Set Approach

This is the same as the training—test split introduced earlier.

set.seed(2023)

# 70% of the data is used as the training set
index <- sample(l:nrow(Data), 0.7 * nrow(Data))

Train_Data <- Datal[index, ]
Test_Data <- Datal-index, ]

# Create model matrices for glmnet
Train_X_matrix <- model.matrix(~ ., Train_Datal, -7])
Train_Y_matrix <- as.matrix(Train_Datal, 7])

Test_X_matrix <- model.matrix(~ ., Test_Datal, -7])
Test_Y_matrix <- as.matrix(Test_Datal, 7])

We now fit the three models using the training data and evaluate their prediction errors on the validation set.

# Linear model

model_linear_train <- lm(charges ~ ., data = Train_Data)
pred_linear_test <- predict(model_linear_train, newdata = Test_Data)
RMSE_linear_test <- sqrt(mean((pred_linear_test - Test_Datafcharges) "2))

# Lasso model

set.seed(2023)

CV_lasso_train <- cv.glmnet(
Train_X_matrix, Train_Y_matrix,

family = "gaussian",
alpha = 1,
nfolds = 10

pred_lasso_test <- predict(
CV_lasso_train,
s = CV_lasso_train$lambda.min,
newx = Test_X_matrix

RMSE_lasso_test <- sqrt(mean((pred_lasso_test - Test_Data$charges) "2))
# Generalized linear model with log link

model_loglinear_train <- glm(
charges = ., data = Train_Data,



family = gaussian(link = "log")

)

pred_loglinear_test <- predict(
model_loglinear_train,
newdata = Test_Data,
type = "response"

)
RMSE_loglinear_test <- sqrt(mean((pred_loglinear_test - Test_Data$charges) 2))

# Compare validation RMSE
validation_results <- data.frame(

Model = c("Linear", "Lasso", "GLM with log link"),

RMSE = c(RMSE_linear_test, RMSE_lasso_test, RMSE_loglinear_test)
)

validation_results

Model RMSE
Linear 6132.626
Lasso 6152.920

GLM with log link  5754.545

In this split, the generalized linear model with a log link has the lowest validation RMSE, and is therefore
preferred according to the validation set approach.

5-fold Cross-Validation

Although there are packages that can perform cross-validation automatically, we implement it manually here to
better understand the procedure and to develop programming skills.

set.seed(2023)

# Number of folds
Nfold <- &5

# Create fold indices
CV5_index <- split(sample(l:nrow(Data)), 1:Nfold)

# Store RMSE for each fold
CV_RMSE <- data.frame(
Linear = rep(0, Nfold),
Lasso = rep(0, Nfold),
Loglinear = rep(0, Nfold)
)

for (i in 1:Nfold) {

# Define training and test sets
index_test <- CV5_index[[il]

Train_Data <- Datal[-index_test, ]



Test_Data <- Data[index_test, ]

# Model matrices for glmnet
Train_X_matrix <- model.matrix(~ ., Train_Datal, -71)
Train_Y_matrix <- as.matrix(Train_Datal, 7])

Test_X_matrix <- model.matrix(~ ., Test_Datal, -7])
Test_Y_matrix <- as.matrix(Test_Datal, 71)

# Linear model

model_linear_train <- lm(charges ~ ., data = Train_Data)

pred_linear_test <- predict(model_linear_train, newdata = Test_Data)
CV_RMSE[i, "Linear"] <- sqrt(mean((pred_linear_test - Test_Data$charges)"2))

# Lasso model

CV_lasso_train <- cv.glmnet(
Train_X_matrix, Train_Y_matrix,
family = "gaussian'",

alpha = 1,
nfolds = 10
)

pred_lasso_test <- predict(
CV_lasso_train,
s = CV_lasso_train$lambda.min,
newx = Test_X_matrix

CV_RMSE[i, "Lasso"] <- sqrt(mean((pred_lasso_test - Test_Data$charges)"2))

# Generalized linear model with log link
model_loglinear_train <- glm(

charges © ., data = Train_Data,

family = gaussian(link = "log")

)

pred_loglinear_test <- predict(
model_loglinear_train,
newdata = Test_Data,
type = "response"

)

CV_RMSE[i, "Loglinear"] <- sqrt(mean((pred_loglinear_test - Test_Data$charges) "2))

# RMSE for each fold
CV_RMSE

Linear Lasso Loglinear

5389.710 5378.519  4767.480
6653.847 6644.197  6246.665
6613.175 6622.646  6528.215
5998.145 5999.217  5422.978
5824.860 5818.000  5388.636




# Average RMSE across folds
CV_results <- colMeans(CV_RMSE)
CV_results

Linear Lasso Loglinear
6095.947 6092.516 5670.795

The generalized linear model again achieves the lowest average RMSE and is therefore preferred according to
the cross-validation results.

10-time Bootstrap

Again, we implement the 10-time bootstrap manually. Please note the difference between cross-validation and
bootstrap. In cross-validation, each observation is assigned to one fold. In bootstrap, we sample observations
with replacement to form the training set, and use the observations not selected in the bootstrap sample as the
test set.

Read the comments in the code chunk below to help you understand the procedure.

# Number of bootstrap samples
NBoot <- 10

# Store RMSE for each bootstrap sample
Boot_RMSE <- data.frame(

Linear = rep(0, NBoot),

Lasso = rep(0, NBoot),

Loglinear = rep(0, NBoot)
)

for (i in 1:NBoot) {

# Set the seed inside the loop so that each bootstrap sample is reproducible
# but different across iterations
set.seed (i)

# Bootstrap sample: sample with replacement
Bootindex <- sample(l:nrow(Data), replace = TRUE)

# Training data: observations selected in the bootstrap sample
Train_Data <- Datal[Bootindex, ]

# Test data: out-of-bag observations not selected in the bootstrap sample
index_test <- setdiff(l:nrow(Data), Bootindex)
Test_Data <- Datal[index_test, ]

# Model matrices for glmnet
Train_X_matrix <- model.matrix(~ ., Train_Datal, -7])

Train_Y_matrix <- as.matrix(Train_Datal, 7])

Test_X_matrix <- model.matrix(~ ., Test_Datal, -7]1)
Test_Y_matrix <- as.matrix(Test_Datal, 7])

# Linear model
model_linear_train <- lm(charges ~ ., data = Train_Data)
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pred_linear_test <- predict(model_linear_train, newdata = Test_Data)
Boot_RMSE[i, "Linear"] <- sqrt(mean((pred_linear_test - Test_Data$charges) "2))

# Lasso model
CV_lasso_train <- cv.glmnet(
Train_X_matrix, Train_Y_matrix,

family = "gaussian",
alpha = 1,
nfolds = 10

)

pred_lasso_test <- predict(
CV_lasso_train,
s = CV_lasso_train$lambda.min,
newx = Test_X_matrix

)
Boot_RMSE[i, "Lasso"] <- sqrt(mean((pred_lasso_test - Test_Data$charges) 2))

# Generalized linear model with log link
model_loglinear_train <- glm(

charges © ., data = Train_Data,

family = gaussian(link = "log")

)

pred_loglinear_test <- predict(
model_loglinear_train,
newdata = Test_Data,
type = "response"

)

Boot_RMSE[i, "Loglinear"] <- sqrt(mean((pred_loglinear_test - Test_Data$charges) 2))
}

# RMSE for each bootstrap sample
Boot_RMSE

Linear Lasso Loglinear

6011.097 6002.285  5666.050
6645.407 6639.640  6190.007
6331.489 6321.321  5973.022
6177.597 6198.885  5734.722
6045.230 6043.156  5701.017
6164.543 6166.540  5734.777
5738.682 5775.666  5396.381
6388.056 6386.238  5939.835
5909.382 5898.354  5378.221
6127.802 6130.445  5942.989

# Average RMSE across bootstrap samples
Boot_results <- colleans(Boot_RMSE)
Boot_results

Linear Lasso Loglinear
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6153.928 6156.2563 5765.702

The generalized linear model with a log link again achieves the lowest average RMSE, and is therefore preferred
according to the bootstrap results.

Conclusion

In this lab, we have compared different models using several evaluation approaches. We also developed our
programming skills by implementing these methods from scratch.

From the results, the generalized linear model performs consistently well compared to the other models.

In the next section, we will study generalized linear models in more detail.
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